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Abstract 
 
  We express the basis vectors of Cartan fundamental representations of unitary groups by 
binary numbers. We determine the expression of Gel'fand basis of SU (3) based on the 
usual subatomic quarks notations and we represent it by binary numbers. By analogy with 
the mesons and quarks we find a new property of prime numbers. 
 
1. Introduction 
 
  The applications of the SU (3) group theory  in nuclear physics have occurred in 
particles and for description of nuclear collective properties and for the classification of 
elementary particles[1-2]. Representation of SU (3) and its generating function has been 
determined for a longtime[1,2]. Cartan found the fundamental representations of SU (n) 
and Gel'fand- Zeitlin [3] have found an orthogonal basis but the explicit determination of 
the expression of the basis of SU (n) are, very important in physics, not completely 
found. We want to study this problem using the generating function method [4]. 
   In this work we observe that the vectors of the fundamental representations basis of  
SU (n)  can be represented by binary numbers, the " binary basis ", very interesting for 
the determination of the generating function of SU(n)  . We review the determination of 
the generating function of SU (3)  by two different methods and we find the basis of 
Gel'fand based in terms of the well known Quarks indices [4-6]: {p, q}, I  the isospin and 
its projection on the z axis, Iz, and the hypercharge Y.  And we give also the 
correspondence between the binary basis, Gel’fand basis and the Quarks representations. 
  By analogy with the mesons and quarks we consider the primes{a}and it’s supplements  
the primes { ā } with n/2 ≤ a < n and  a + ā = n.  We find n=5,7,10,16, 36 and 210. 
   The properties of SU (2) and the Gel'fand basis are treated in part two. We present in 
part three the fundamental representation and the binary basis. In the  fourth, fifth and six 
parts we determine the generating function of SU (3) and the representation of quarks 
using the binary basis and the Gel'fand basis. In part seven we treat the analogy between 
The Baryons and Quarks and the prime numbers. 
 
2. The basis of the unitary group 
 
2.1 The  SU(2) group 
A- The SU(2) basis  
 It’s well known from Schwinger work [7]  ”on angular momentum”  that the generators 
 of angular momentum or SU(2) may be written in terms of creation and destruction 
operators of the two dimensional harmonic oscillator as:  
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J+ and J- are the raising and lowering operators of SU(2). 
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jj ± are the maximal et minimal states of  SU(2).
 B- The generating function of SU(2) 
 The generating function of SU(2) is give by: 
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 ( )zjmϕ is the basis of the analytic Hilbert space, the Fock or the Fock-Bargmann(F-B) 
space, with the Gaussian measure: 
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   It’s important to note that z1 and z2 have the same powers of  J+  and J- (2,3). 
 
2.2 The Gel’fand basis of the unitary groups 
 Using the “Weyl’s branching law” Gelfand-Zeitlin [8] introduced the basis of 
representation of U (n), function of 2/)1n(n +  integers numbers.  
The Gel'fand basis n)h(  is: 
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With                          .,...,1,...,2,,11,, jietnjhhh jijiji ==≥≥ +−  
And  hnn=0 for SU(n)                          
2.3  The Weyl dimension formula 
    The dimension of subspaces ][ μνh  is finite and given by the Weyl formula: 
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2.4 The maximal and minimal states 
   We associate to each state nh)(  a vector or weight vector which has components: 
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 A weight )'(hω  is higher than a weight )(hω if the first nonzero component in the 
difference )()'( hh ω−ω  is positive. 
We deduce simply that there are a maximal and a minimal vector as SU(2). 
   
2.5 Explicit expression of Gel’fand basis vectors 
   By analogy with SU(2),  Nagel and Moshinsky [9] proved that  the basis nh)( may be 
deducted from the  minimal or the maximal vectors by applying the raising operators μλR
or the lowering operators μλL and find the explicit expressions of these operators.  
We write:  
                 12
1
112
1
1 (min)
][
)('
(max)
][
)()(
−=λ
−
=μ
μ
λ
−=λ
−
=μ
μ
λ ∏∏=∏∏= μλμλ
n
nn k R
n
nn k L
n
h
RN
h
LNh
 
 
With                               1hhL −λμλμ
μ
λ −= ,,       , λ+μ−λμμλ −= ,, 11 hhR                               (2,7) 
N and N 'are the normalization constants.  
 
3. The fundamental representations and the 
 Binary numbers 
 
3.1 The fundamental representations: 
  E. Cartan proved that any arbitrary irreducible representation of U(n) can be expressed 
in terms of a set of subspaces called the fundamental  representations [6]. 
The fundamental representations of U (n) are the irreducible subspaces [h]n: 
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The dimension of the subspace: 
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is pnC then dim F(n,n) =1. 
It is simple to prove that that the total number of basis vectors of the fundamental 
representations of U(n) is 2n-1 and 2n-2 for SU(n).  
 
3.2  The binary numbers of the fundamental representations: 
  We observe that the vectors basis of the fundamental representations may be expressed 
in terms of the binary numbers so we called it the binary fundamentals basis. And it is 
easy to establish the correspondence between these binary basis and the fundamentals 
representation of Gel'fand basis.  
We write as an example:  
 
F(2,1) 1 0 & 0 1 
 
 
 
                                                                                                                                                                                                                  
 
 
  
Table 1 
 
3.3  The representations of  the binary basis in the analytic Hilbert space 
   Let njiz ji ,...,1,),( =  a matrix of complexes numbers and we consider the minors of 
this matrix: We associate to each miner lii l
K
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boxes numbered from 1 to n. We put "one" in the boxes liii ,,, 21 K and zeros elsewhere. 
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We denote these orthogonal basis of F-B space by:  
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For SU(3) we write:  
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The Gel'fand representation can be written in the analytic Hilbert or F-B space by: 
                                               )()())(( zhz nn Δ=ΔΓ  
 
4. Schwinger approach and generating function of SU(3) 
  
4.1 The  coupling in the angular momentum 
     We emphasize only the Schwinger couplings formula [5,7]: 
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),()21( yxjmjjϕ  is the coupled function of ( )x1mj1ϕ and ( )z2mj2ϕ . 
F(3,1) 1 0 0 & 0 1 0 & 0 0 1 
F(3,2) 0 1 1 & 1 0 1 & 1 1 0 
F(4,1)  1  0 0  0  &  0 1 0 0 & 0 0 1 0 & 0 0  0  1 
F(4,2)  1  1 0  0  &  1  0 1 0 & 1  0  0  1 
F(4,2}    0  0 1  1  &  0  1 0 1 & 0  1  1  0 
F(4,3)  0  1 1  1  &  1 0 1 1 & 1 1 0 1 & 1 1  1  0 
This formula determine simply the coupling of several angular momentum and the 
representation of SU (3) and for simplicity we use the F-B space. 
 
4.2 The basis of the group SU (2) ⊂ SU (3)  
 Let ],[ μλD  the space of homogeneous polynomials and ),(),,( 21ytzt zzV λμ  is the orthogonal 
basis with:  
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The vectors ),(),,(
21
ytzt zzV
λμ are eigenfunctions of the Casimir operator of the second order
2T
r
, the projection ofT
r
on the z axis and the hypercharge Y. The eigenvalues of these 
operators are respectively t (t + 1), zt and the triple of the hypercharge quantum number 
y. The numbers  ztt,  are the isospin and the component of isospin on the z axis. 
We have: 
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the condition of Young tableau on λμα )(V  imposes the further condition: 
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The expression of ),()(
21 zzV λμα is well known [1,5] and we give only the result: 
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4.3 The generating function of  SU(3) 
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it is easy to verify that the generators 3et ℑℑℑ −+ , are the generators of SU (2). 
We following Schwinger coupling method for the determination of { }λμα)(V  by: 
a-The first coupling:       ),(),(
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b-We apply the result obtained the second coupling 
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c- We apply then the Young pattern condition we obtain the generating function of SU(3) 
   [1-5].  But we write it in a simple form by: 
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5. Generating function of SU(3) and Gel’fand basis 
 
5.1  Generating function of  harmonic oscillator and the Gel’fand basis 
   The generating function of the oscillator in terms of Gel'fand indices is:  
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5.2  Generating function of SU(2) and the Gel’fand basis  
  We express the generating function of SU(2) in terms of Gel'fand indices by: 
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With                          0,,2 221112 ==+= hhmjhj . 
We have already noted that the powers of 12x and 
1
2y have the same powers of raising and 
lowering operators (2,5). 
 
5.3 The generating function of SU (3) and the Gel'fand basis  
  Generalizing the generating functions of the oscillator and SU (2) to SU (3) we write: 
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We note that the powers of the parameters x, y are the same powers of raising and 
lowering operators of SU(n) (2,6). 
Comparing the two generating functions (4,10) et (5,3) of SU (3) we find: 
                                                    p=λ+μ, q=μ, I=t et Iz=tz 
                                                  t-tz= h12-h11,  t+tz= h11-h22,   
And                           λ-r=h13-h12,    r= h12-h23,   μ -s= h23-h22,   s= h22.                       (5,4) 
After solving the system we write the (h)3 of Gel'fand basis by: 
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 Thus we find the same result obtained by Baird and Biedenharn by another method [5]. 
So we find the Gel'fand basis in the Quarks notations. 
The generalization of the generating function for SU (n) is already studied [3-4]. 
 
6. Quarks and Binary numbers 
 
The fundamental representations of quarks and antiquarks [2,10] are represented by: 
a- The quarks states are [3] :|ܫ௭, ܻ ൐ 
    with quantum numbers:           (ܫ௭, ܻሻ ൌ  (1/2,1/3),  (-1/2, 1/3),  (0, -2/3) 
b- The antiquarks states are[3തሿ: |ܫ௭, ܻ ൐ 
    with quantum numbers:           (ܫ, ܻሻ ൌ  (-1/2, -1/3),  (1/2, -1/3),  (0, 2/3) 
 
           SU(2)        i =  1 2 
Binary basis F(2,i) 1 0 0 1 
Gel’fand basis 
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      SU(3)     i =   1 2 3 4 5 6 
Binary basis F(3,i) 
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Quarks (Iz, Y) (1/2,1/3) (-1/2,1/3) (0,-2/3) (-1/2,-1/3) (1/2, -1/3) (0, 2/3) 
 
Table 2. binary basis, Gel’fand basis and Quarks notations of SU(3). 
Remarque: calculus of the coefficients ),( yxniφ  
    The coefficients ),( yxniφ  may be written as product of parameters ),(yy μλ=μλ and
.),( μλ=μλ xx We determine the indices of these parameters by using the following rules: 
a- We associate to each "one" which appeared after the first zero a parameter ),(y μλ  
whose indexλ  are the number of boxes andμ  the number of "one" before him, plus one. 
b- We associate to each zero after the first "one" a parameter ),(x μλ  whose index λ  is 
the number of boxes andμ  the number of "one" before him. 
 
7. Quarks and the prime numbers 
 
   By analogy with the mesons, quarks and anti quarks we seek to find the numbers n with 
the conditions: for any prime a, n/2≤ a<n = 2,3,…etc. there are a prime supplements ā  
of  a with a + ā = n. 
   If n = 12 the primes{a} are 11, 7 and their supplements{ā}: 1, 5 then twelve must be 
eliminate because one is not in the list of Almanac as prime. 
 
5  3,2       
7  5,2       
10  5,5 3,7      
16  5,11 3,13      
36  17,19 13,23 7,29 5,31    
210  103,107 101,109 97,113 83,127 79,131 73,137 71,139
  61,149 59,151 53,157 47,136 43,167 37,173 31,179
  29,181 19,191 17,193 13,197 11,199   
 
Table 3: calculation of (ā, a) with n≤1000. 
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